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Abstract
In this paper, we introduce a Nielsen type number N∗(f,P) for any selfmap f of a partially
ordered set P of spaces. This Nielsen theory relates to various existing Nielsen type fixed point
theories for different settings such as maps of pairs of spaces, maps of triads, fibre preserving maps,
equivariant maps and iterates of maps, by exploring their underlying poset structures. Ó 2001 Elsevier
Science B.V. All rights reserved.
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1. Introduction
The celebrated Lefschetz–Hopf fixed point theorem asserts that the nonvanishing of
the Lefschetz number L(f ) of a selfmap f :X→X on a compact connected polyhedron
guarantees the existence of a fixed point for every map g homotopic to f . The converse,
however, does not hold true in general. The Nielsen number N(f ) of f , a more subtle
homotopy invariant, measures the size of the fixed point set in the sense that N(f ) 6
MF[f ] =min{# Fixg | g ∼ f }. A classical result of Wecken states that N(f ) is indeed a
sharp lower bound in the homotopy class of f for many spaces, in particular, for compact
manifolds of dimension at least 3. Thus, in this case, the vanishing of N(f ) is sufficient to
deform a map f to be fixed point free. Among the central problems in Nielsen fixed point
theory (or the theory of fixed point classes) are (1) the computation of N(f ) and (2) the
realization of N(f ), i.e., when N(f )=MF[f ].
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In an attempt to compute the Nielsen number, Brown [5] employed fibrewise techniques
to obtain, under certain conditions, a product formula N(f ) = N(fb) · N(f¯ ) for a fibre-
preserving map f , in terms of possibly simpler Nielsen numbers N(fb) and N(f¯ ) of the
fibre (over b) and of the base, respectively. Since then, many researchers have improved
and applied the Nielsen theory for fibre-preserving maps (see, e.g., [9,14–16,29,43]). For
applications, new settings such as Nielsen theory for compact maps and that for compactly
fixed maps, introduced by Brown [6] and Fadell and Husseini [10], respectively, have
also emerged as Nielsen type fixed point theories. While major advancements in classical
Nielsen theory have been made, it was the advent of the relative Nielsen theory, introduced
by Schirmer in 1986 [32], that led to many new Nielsen type theories and hence new
Nielsen type invariants, some of which are closely related. (See also the excellent survey
article [33] by Schirmer.) However, many of these invariants were introduced in an ad hoc
manner for a particular setting.
In [32], Schirmer considered relative maps f : (X,A)→ (X,A) of a compact polyhedral
pair (X,A) and she introduced the so-called relative Nielsen number which is defined to
be
N(f ;X,A) :=N(f )−N(f,fA)+N(fA),
where fA = f |A :A→A andN(f,fA) denotes the number of essential fixed point classes
of f that contain an essential fixed point class of fA. It was shown that N(f ;X,A) has
the same properties as the classical Nielsen number. In addition to the usual hypotheses
on X and on A, if A can be by-passed in X, then N(f ;X,A) can be realized in the
relative homotopy class of f . It turns out that this by-passing condition is equivalent to
the codimension hypothesis required to perform stepwise deformation in [12]. Similar by-
passing hypotheses will be used to ensure that the Nielsen type numbers for posets are
independent of the choice of the admissible ordering (see Theorems 4.1 and 5.1). While
the computation of the relative Nielsen number is certainly more difficult than computing
the ordinary one, the definition ofN(f ;X,A) has the same geometric flavor as the classical
one in the sense that it is defined in terms of essential fixed point classes only.
Subsequent work of Schirmer and of others further investigated the relative Nielsen
theory and introduced new Nielsen type numbers for new settings (see [7,19–21,34,44–
48]). One of them is the Nielsen number of a triad [35]. Let f : (X,A1,A2)→ (X,A1,A2)
be a map of a triad consisting of a compact polyhedron X and two subpolyhedra A1 and
A2 with X =A1 ∪A2. The Nielsen type number of f [35] is defined to be
N(f ;A1 ∪A2) :=N(f1;A1,A0)+N(f2;A2,A0)−N(f0)− IJ(f1, f2),
where fi : Ai → Ai, i = 0,1,2, A0 = A1 ∩ A2 and IJ(f1, f2) denotes the number of
inessentially joined pairs of essential fixed point classes of f1 and f2. The computation of
this number has been carried out in [35] in the case where X is the double of a manifold,
the suspension of a polyhedron, a manifold with a handle attached and the connected sum
of two manifolds. This Nielsen type number, like the relative Nielsen number, is based
upon the inclusion–exclusion principle. One can see immediately that the situation for
triads is much more complicated than that in the relative case. Moreover, the definition of
P. Wong / Topology and its Applications 110 (2001) 185–209 187
N(f ;A1 ∪A2) involves the term IJ(f1, f2) which is defined using lifts together with the
work of Zhao [44] since inessential (therefore possibly empty) classes must be taken into
consideration (for the definition, see [35] or Section 4).
Relative Nielsen theory was employed in [14] to describe the relationship among the
Nielsen numbers N(f ),N(fb) and N(f¯ ) for a fibre-preserving map f :p → p of a
fibration p with base map f¯ and fibre map (over b) fb . Thus, this relates the fibrewise
Nielsen theory initiated in [5] to the relative theory. In fact, the Nielsen type number for
fibre preserving maps NF (f,p) defined in [14] and in [16] can be regarded as a relative
Nielsen number.
Techniques from relative Nielsen theory are also useful in the Nielsen theory for
equivariant maps (see [37,38]) and for iterated maps (see [37,40]). For aG-spaceX, where
G is a compact Lie group, the G-action induces a natural stratification on X according to
the isotropy types onX. Therefore, a natural partial ordering on these subspaces is given so
that every G-map on X is automatically an order preserving map on this partially ordered
set (see Section 6). In the periodic point case, for any fixed positive integer n, one can
regard the n-periodic points of f as the fixed points of a G-map gf under the G-action on
the n-fold product of X where G= Zn.
The purpose of this paper is to give a systematic study of the inter-relations among some
of the existing Nielsen type fixed point theories and their respective Nielsen type invariants.
We propose a combinatorial approach to Nielsen theory by exploring the underlying poset
structure for these settings. More precisely, we introduce a Nielsen type theory for an
order preserving map f on a partially ordered set P and we define a Nielsen type number
N(f,P). Under certain conditions, we show that this number coincides with some of the
existing ones in the Nielsen theory for relative maps, fibre-preserving maps and maps of
triads for appropriate partially ordered sets P . Moreover, we introduce new Nielsen type
invariants for G-orbits of G-maps and for periodic orbits of maps of a fixed period. Like
the relative Nielsen number of Schirmer, this Nielsen type number is defined geometrically
in terms of essential fixed point classes only.
This paper is organized as follows. In Section 2, we review the basic properties of the
classical Nielsen number and some terminology from combinatorics. For any admissible
ordering of a partially ordered set of spaces, we introduce in Section 3 a Nielsen type
numberN(f,P;4) which has the usual properties of the Nielsen number. The relationship
betweenN(f,P;4) and the Nielsen number of a triad is discussed in Section 4. For certain
posets P , we give conditions in Section 5 for which N(f,P;4) is independent of the
choice of the admissible ordering, in which case, we write N(f,P) instead. To further
incorporate equivariant Nielsen theory into this unified Nielsen theory, we generalize
the definition of N(f,P;4). In Section 6, we show that the fibrewise Nielsen type
number is a special case of this Nielsen type number for appropriate P . We show that
N∗(f,P) :=max{N(f,P;4)} yields an equivariant Nielsen type number for G-orbits of
fixed points for a suitable partially ordered set P and hence a new Nielsen type invariant
for periodic orbits. In Section 7, we discuss the converse of the Lefschetz Theorem in
the context of selfmaps of posets. We end this paper with some concluding remarks in
Section 8.
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2. Nielsen numbers and posets
In this section, we review the basic properties of the classical Nielsen number (see [3,22]
and [27] for details) and some basic notions from combinatorics (see [36]).
Let X be a compact ANR (absolute neighborhood retract) and f :X→ X a selfmap.
There exists a unique integer valued fixed point index satisfying the homotopy, additivity
and commutativity axioms (see [3, Ch. 5]). Let Fixf = {x | f (x)= x} be the fixed point set
of f . Suppose Fixf 6= ∅. Two fixed points x and y are said to belong to the same fixed point
class (x ∼ y) if, and only if, there exists a path α : [0,1]→X such that α(0)= x, α(1)= y
and α is homotopic to f ◦ α (write α ∼ f ◦ α) relative to the endpoints. A fixed point
class F is essential if the fixed point index, denoted by i(f,F), is nonzero. Denote by
F(f )= Fixf/∼ the weighted set of (nonempty) fixed point classes (equivalence classes)
of f with weight being the fixed point index. The Nielsen number of f is defined to be the
number of essential fixed point classes of f and is denoted by N(f ).
Nielsen’s original description of fixed point classes is via the covering space approach.
Suppose X is connected. Denote by X˜ the universal cover of X and by p : X˜→ X its
covering map. For any lift f˜ : X˜→ X˜ of f (i.e., f ◦ p = p ◦ f˜ ), p(Fix f˜ )⊂ Fixf . Then
the fixed point set of f can be partitioned into fixed point classes (possibly empty) of
the form p(Fix f˜ ), i.e., Fixf =⋃f˜ p(Fix f˜ ). We denote by FPC(f ) the weighted set of
fixed point classes of f (see [22]) and it is easy to see that there is an index preserving
injection F(f ) 7→ FPC(f ). To distinguish empty fixed point classes, one must use the
bijection between FPC(f ) and the weighted set of lifting classes (see [22, p. 44]) of f ,
i.e., conjugacy classes (in the group of deck transformations) of lifts of f to the universal
cover. In the case where X is not connected, FPC(f )=⊔c FPC(f |Xc) where the disjoint
union ranges over the connected componentsXc of X.
We now list the basic properties of the classical Nielsen number N(f ).
Lower Bound. For any f :X→X, N(f )6 # Fixf where #Z denotes the cardinality of
the set Z.
Homotopy. If f :X→X and g :X→X are homotopic, then N(f )=N(g).
Commutativity. Let f :X→ Y and g :Y → X be maps between compact ANRs. Then
N(f ◦ g)=N(g ◦ f ).
Homotopy Type. Given the following homotopy commutative diagram
X
f
h
X
h
Y
g
Y
where h :X→ Y is a homotopy equivalence between two compact ANRs. Then N(f ) =
N(g).
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Under fairly weak hypotheses, the Nielsen number can be realized, as the following
theorem indicates.
Theorem 2.1 (Minimum Theorem [23]). Suppose that X is a connected finite polyhedron
with no local separating points and is not a surface of negative Euler characteristic, then
for any selfmap f :X→ X, there exists a map g :X → X homotopic to f such that
N(f )=N(g)= # Fixg.
We now turn to combinatorics from which we will recall the notion of partially ordered
sets and Möbius inversion. A partially ordered set or simply poset is a set P together with
a relation 6 satisfying
(i) x 6 x,∀x ∈P ;
(ii) x 6 y and y 6 x ⇒ x = y;
(iii) x 6 y and y 6 z⇒ x 6 z.
A chain is a poset in which for any two elements x and y , either x 6 y or y 6 x . Let C be
a chain of a poset P . If C is finite, then the length of C is defined to be `(C)= #C− 1 and
the rank of a finite poset P is given by
`(P)=max{`(D) |D is a chain and D is a subposet of P}.
A principal order ideal generated by x is defined by 〈x〉 = {y ∈ P | y 6 x}. A poset P
is said to have a 0ˆ if there is an element 0ˆ ∈ P such that 0ˆ 6 x, ∀x ∈ P . Similarly, P
has a 1ˆ if 1ˆ ∈ P and x 6 1ˆ, ∀x ∈ P . Whenever x 6 y , the interval [x, y] is defined to be
the set [x, y] = {z ∈ P | x 6 z 6 y}. The poset P is called locally finite if every interval
is finite. Suppose that x and y belong to a poset P . A least upper bound (greatest lower
bound, respectively) of x and y is an upper bound (lower bound, respectively) z, i.e., x 6 z
and y 6 z (z 6 x and z 6 y , respectively), such that every upper (lower) bound w of x
and y satisfies z6 w (w 6 z, respectively). A lattice is a poset L for which every pair of
elements has a least upper bound and a greatest lower bound. If a least upper bound of x
and y exists, then it is unique and is denoted by x ∨ y . Similarly, we let x ∧ y denote the
greatest lower bound of x and y if it exists.
Example 2.2. Let (X,A) be a pair where X is a compact connected ANR and A =⋃k−1
i=1 Ai has k − 1 connected components each of which is a compact ANR. We form
a poset P = {X,A1, . . . ,Ak−1} with 6 induced by inclusion and the rank `(P) is equal to
1. Note that P̂ =P ∪ {∅} is a lattice with 0ˆ= ∅ and 1ˆ=X.
Example 2.3. Consider a triad (X,A1,A2) where X,A1 and A2 are compact ANRs so
that A0 = A1 ∩ A2 and Ai ⊂ X for i = 0,1,2. Then the poset P = {X,A1,A2,A0} is a
lattice under inclusion with 0ˆ=A0 and 1ˆ=X. Moreover, `(P)= 2.
Example 2.4. Let p :E→ B be a Hurewicz fibration such that E,B and F , a typical fibre,
are connected compact ANRs. Let ξ = {b1, . . . , bk} ⊂ B, Fi = p−1(bi) for i = 1, . . . , k
and Fξ =⋃ki=1 Fi . Then (E,Fξ ) can be given a poset structure as in Example 2.2.
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Example 2.5. Given a finite system of fibrations
E1
p1
B1 =E2 p2 . . . pk−1 Bk−1 =Ek pk ∗
F1 F2 . . . Fk−1
where Fi,Ei and Bi are connected compact ANRs. For any 16 i < j 6 k−1, we have that
pj ◦ · · · ◦pi :Ei→Bj is a fibration and the set {Ei,p−1i (p−1i+1(· · ·p−1j (ξj ) · · ·))} is a poset
under inclusion with 1ˆ=Ei for any ξj = {xj1, . . . , xjk(j)}, xj` ∈Bj for `= 1, . . . , k(j). It
is easy to see that every one of these posets has rank 1.
Such examples occur, for instance, in fibering a nilmanifold [9]. That is, E1 is a
nilmanifold (homogeneous space of a nilpotent Lie group); the Bi ’s are nilmanifolds and
the Fi ’s are tori.
Example 2.6. Let G be a topological group. For any closed subgroup H of G, denote
by (H) the conjugacy class of H in G. The set C(G) consisting of conjugacy classes
of closed subgroups of G can be given a partial ordering as follows. For (H), (K) ∈
C(G), (H) 6 (K) if, and only if, H is conjugate in G to a subgroup of K . The poset
C(G) has 0ˆ = (1) and 1ˆ = (G) where 1 is the trivial subgroup. Let X be a G-space, i.e.,
there exists a continuous function Φ :G × X→ X such that Φ(1, x) = x, ∀x ∈ X and
Φ(g1,Φ(g2, x))= Φ(g1g2, x), ∀x ∈ X and g1, g2 ∈G. For any closed subgroup H , we
let
XH = {x ∈X | hx(=Φ(h,x))= x, ∀h ∈H},
XH =
{
x ∈X |Gx =H
}
and X(H) = {x ∈X | (Gx)> (H)}
where Gx = {g ∈G | gx = x} is the isotropy subgroup at x . The collection {XH | (H) ∈
C(G)} forms a poset under inclusion with 1ˆ = X(1). If XG is nonempty then {XH } is a
lattice with 0ˆ=XG. Moreover, the partial ordering on C(G) induces a partial ordering on
the collection {X(H)}, i.e., if (H)6 (K) then X(K) ⊂X(H).
Example 2.7. Let X be a compact ANR and n be a fixed positive integer. Denote by Yn
the n-fold product of X. Then the cyclic group of order n, denoted by Zn, acts on Yn via
(x1, . . . , xn) 7→ (xn, x1, . . . , xn−1). For any m|n, Yn/m can be embedded into Yn by
(x1, . . . , xn/m) 7→ (
m copies︷ ︸︸ ︷
x1, . . . , x1, . . . ,
m copies︷ ︸︸ ︷
xn/m, . . . , xn/m).
Note that Yn/m coincides with the fixed point set YZmn . Moreover, since cyclic groups
are Abelian, each subgroup in Zn has itself as its conjugacy class so that YZmn = Y (Zm)n .
Thus, Example 2.6 yields a lattice L = {Yn/m|m|n} of subspaces of Yn partially ordered
by inclusion with 0ˆ= Y1 and 1ˆ= Yn. If n is prime, then `(L)= 1. Write n=∏ki=1 pαii in
the primary factorization of n where pi ’s are distinct primes and αi ’s are positive integers.
Then `(L) is equal to k, the number of distinct prime divisors of n.
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Let P be a locally finite poset. The Möbius function µP on P is defined recursively by
(1) µP (x, x)= 1, ∀x ∈ P ;
(2) µP (x, y)=−
∑
x6z6y µP (x, z), ∀x 6 y .
If, in addition, every principal order ideal in P is finite then we have the following
formula (see [36, 3.7.1]).
Möbius Inversion Formula. Let f,g :P→C. Then
g(x)=
∑
y6x
f (y) ∀x ∈P⇔ f (x)=
∑
y6x
µP (y, x)g(y) ∀x ∈P .
Example 2.8. Let P = N partially ordered by divisibility, i.e., a 6 b if, and only if, a|b.
The Möbius function is given by
µN(a, b)=
 (−1)
t if b/a is a product of t distinct primes,
0 otherwise
and µN(a, b)= µ(b/a) the classical number theory Möbius function.
For any d ∈N, ϕ(d)= #{j ∈N | 16 j 6 d and (j, d)= 1}. The function ϕ is the Euler
totient function. Thus, for any n ∈N, n=∑d |n ϕ(d) and by the Möbius Inversion Formula,
we have
ϕ(n)=
∑
d |n
µ(n/d)d.
3. Nielsen type numbers for posets
While the classical Nielsen number is defined to be the number of essential fixed
point classes, the relative Nielsen number [32] is defined combinatorially, based upon an
inclusion–exclusion principle. In this section, we introduce Nielsen type numbers defined
combinatorially, in the same spirit as in the relative Nielsen number.
Let P be a finite poset consisting of a compact ANR X and a collection of subspaces
A1, . . . ,Ak−1 each of which is a compact ANR. We put a partial ordering on P such that
Aj 6 Ai if, and only if, Aj ⊆ Ai . In addition, we let Ak = X and assume that for any
16 i, j 6 k, if Ai ∩Aj 6= ∅ then Ai ∩Aj ∈ P . Thus, P has a 1ˆ=X and a 0ˆ=⋂ki=1Ai (if
it is nonempty). We can relabel the indices such that Aj 6 Ai ⇒ j 6 i . Such an ordering
A1, . . . ,Ak−1 is called an admissible ordering. By a map f :P→ P ′ between two such
finite posets we shall mean an order preserving map f :X→ Y such that fi = f |Ai :Ai→
Bi for all i = 1, . . . , k where P = {X,A1, . . . ,Ak−1} and P ′ = {Y,B1, . . . ,Bk−1}. Let
NP(k) be the category of such finite posets P and (partially) order preserving maps
f :P→ P ′. A homotopy in this category is an order preserving map H :P × [0,1]→ P ′
such that H |X× [0,1] and H |Ai × [0,1] are ordinary homotopies. Note that H is a map
in NP(k) since P × [0,1] can be given the partial ordering induced by that on P , i.e.,
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A× [0,1]6 B × [0,1] if, and only if, A 6 B in P . For any P ∈ NP(k) and a selfmap
f :P→ P , we define the minimal number of fixed points in the homotopy class of f to be
MFP [f ] =min
{
# Fixg | g ∼P f
}
.
Given any P ∈ NP(k) and an admissible ordering A1, . . . ,Ak−1, we define for
16 i 6 k,
Xi =
{
x ∈X | x ∈Aj, for some j 6 i
}=⋃
j6i
Aj
so that Xk =Ak =X. Note that each of these subspaces is a compact ANR and we have a
filtration of subspaces X1 ⊆ · · · ⊆Xk = X. For 1 6 i 6 k, we let f (i)= f |Xi :Xi→ Xi
and
N
(
f (i);X6i
) = #{F ∈ F(f (i)) | i(f (i),F) 6= 0 and F contains
an essential G ∈ F(f (j)) for some j < i}.
For a given admissible ordering 4 on A1, . . . ,Ak−1,Ak = X, the Nielsen type number
of f :P→P is defined to be
N(f,P;4)=
k∑
i=1
[
N(f (i))−N(f (i);X6i)
]
.
This number depends upon the choice of the admissible ordering as we illustrate in the
following
Example 3.1. Let A0 be the figure-eight space and A1 be obtained by attaching a 2-disk
to the left-hand circle of A0.
The subspace A2 is obtained by attaching two 2-spheres at the points x and z,
respectively, as shown in the following figure.
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Consider X =A1 ∪A2 and the two admissible orderings: (41) A0,A1,A2,X and (42)
A0,A2,A1,X.
Let f0 :A0→ A0 be the map as in Jiang’s example in [24] so that f0 flips the left-
hand circle and it takes the generators α 7→ α−1, β 7→ α−1β2. The map f0 has three fixed
points x, z and y of index +1,0 and −1 respectively. Note that x and y are Nielsen
equivalent as fixed points of f0 which has two inessential fixed point classes. The map
f1 :A1→A1 is the obvious extension of f0 by extending the flip to the 2-disk. Finally, the
map f2 :A2→A2 extends f0 by being the identity map on each of the two 2-spheres.
Note that N(f0)= 0 since f0 has no essential fixed point classes; N(f1)= 1 since A1
is homotopy equivalent to a circle and f1 sends the only generator β to β2. On A2, z does
not belong to the fixed point class containing x and y and these two classes are essential
so that N(f2)= 2. Finally, the composite map f :X→X of the triad has N(f )= 1 since
L(f ) 6= 0 and x and z are Nielsen equivalent as fixed points.
Then, for (41),
N
(
f (1)
)= 0; N(f (2))−N(f (2);X62)= 1;
N
(
f (3)
)−N(f (3);X63)= 0
and
N(f,P;41)= 1
whereas for (42), we have
N
(
f (1)
)= 0; N(f (2))−N(f (2);X62)= 2;
N
(
f (3)
)−N(f (3);X63)= 0
and
N(f,P;42)= 2.
Note that the homomorphism pi1(X − A1) → pi1(X) induced by inclusion is not
surjective, i.e., A1 cannot be by-passed in X. The dependence of the choice of the
admissible ordering in this example lies in the fact that the two essential fixed point classes
of f2 belong to the same essential fixed point class of f in X.
We shall see in Section 5 when this Nielsen number can be independent of the admissible
ordering.
We now prove the basic properties of N(f ), as listed in section two, for N(f,P;4).
Theorem 3.2 (Lower bound). Let P ∈NP(k). For any f :P→P and for any admissible
ordering 4 on P , N(f,P;4)6 # Fixf .
Proof. Let X1 ⊆ · · · ⊆Xk =X be the filtration induced by the given admissible ordering
4. Let m(i)= [N(f (i))−N(f (i);X6i )]. If m(i) > 0 then we let
Fi1, . . . ,Fim(i)
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be the essential fixed point classes of f (i) that do not contain any essential fixed point
classes of f (r) for any r < i . Moreover, we can choose m(i) fixed points xi1, . . . , xim(i) ,
one from each of these classes. For j > i the m(j) fixed points {xjs } chosen in a similar
way are distinct from any xir ’s that have been chosen before. Thus, {xir | 1 6 i 6 k,1 6
r 6m(i)} ⊆ Fixf and
N(f,P;4)=
k∑
i=1
m(i)6 # Fixf. 2
Theorem 3.3 (Homotopy). Suppose that g ∼P f :P → P . Then for any admissible
ordering on P , N(f,P;4)=N(g,P;4).
Proof. Let H :P × [0,1] → P be the homotopy with H0 = f and H1 = g. Fix some
i, 16 i 6 k. Suppose that F ∈ F(f (i)) such that i(f (i),F) 6= 0, and for some j, Aj < Ai ,
there exists a G ∈ F(f (j)) with i(f (j),G) 6= 0 and F contains G. Then F is H|Xi -
related (see [22, I.3.10]) to an essential F′ ∈ F(g(i)) and G isH|Xj -related to an essential
G′ ∈ F(g(j)). Moreover, F′ contains G′. Hence, N(f (i);X6i ) = N(g(i);X6i ). The
assertion now follows from the homotopy invariance of the ordinary Nielsen number. 2
Theorem 3.4 (Commutativity). Let f :P→P ′ and g :P ′ →P be order preserving maps
between two posets P,P ′. Given admissible orderings 4,4′ on P and P ′, respectively,
such that f ◦ g and g ◦ f are selfmaps in NP(k), N(f ◦ g,P ′;4′)=N(g ◦ f,P;4).
Proof. The equality follows from the commutativity property of the fixed point index and
the 1–1 correspondence between the fixed point classes of f ◦ g and g ◦ f . 2
Theorem 3.5 (Homotopy type). Given the following homotopy commutative diagram
P
h
f P
h
P ′ g P ′
where h :P→ P ′ is a homotopy equivalence between two posets in NP(k). Let hˆ be the
homotopy inverse of h. For any admissible orderings 4 and 4′ such that hˆ ◦ g ◦ h and
g ◦ h ◦ hˆ are selfmaps of P and P ′ in NP(k), we have N(f,P;4)=N(g,P ′;4′).
Proof. Since f ∼P hˆ◦g ◦h and g ∼P g ◦h◦ hˆ, we haveN(f,P;4)=N(hˆ◦g ◦h,P;4)
and N(g,P ′;4′)=N(g ◦ h ◦ hˆ,P ′;4′). By Theorem 3.4, N(hˆ ◦ g ◦ h,P;4)=N(g ◦ h ◦
hˆ,P ′;4′). 2
Convention. If N(f,P;4) is independent of the choice of the admissible ordering, we
write N(f,P)=N(f,P;4).
We also define
N∗(f,P) := max {N(f,P;4) |4 is an admissible ordering on P}.
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It is straightforward to show thatN∗(f,P) is a Nielsen type number satisfying all the usual
properties of the classical Nielsen number.
4. Maps of triads
It is clear from the definition that N(f,P;4) reduces to the ordinary Nielsen number
N(f ) if k = 1, i.e., Ai = ∅, and that it reduces to the relative Nielsen number [32]
N(f ;X,A) when k = 2. In this section, we discuss the relationship between the Nielsen
number of a triad introduced by Schirmer in [35] and the Nielsen type numberN(f,P;4)
where P is the triad. Throughout this section, P will denote the triad (X,A1,A2) with
A0 =A1 ∩A2 and X =A1 ∪A2.
To define the Nielsen type number for a triad, one needs to define the notion of
containment of fixed point classes in terms of lifts in the sense of [44]. Let A ⊂ X
be a subpolyhedron of a polyhedron X. Assume that X and A are both connected. Let
ηA : A˜→ A,η : X˜ → X denote the universal covers of A and of X, respectively and
let jA :A→ X be the inclusion map. Choose base points a0 ∈ A, a˜0 ∈ η−1A (a0) and
x˜0 ∈ η−1(jA(a0)). Let j˜A : A˜→ X˜ be the unique lift of jA with j˜A(a˜0) = x˜0. Thus the
following diagram commutes
A˜
ηA
j˜A
X˜
ηX
A
jA
X
Moreover, given a selfmap f : (X,A)→ (X,A) and a lift f˜A : A˜→ A˜ of fA, there exists
a unique lift f˜ : X˜→ X˜ of f such that the following commutes
A˜
j˜A
f˜A
A˜
j˜A
X˜
f˜
X˜
X
f
X
A
jA
fA
A
jA
This gives rise to a well-defined function from the set of conjugacy classes of lifts
of fA to that of f . Hence, it defines a function iFPCA,X : FPC(fA)→ FPC(f ) by sending
ηA Fix(f˜A) to ηX Fix(f˜ ). Equivalently, by identifying FPC(f ) with the lifting classes of
f , iFPCA,X (f˜A) = f˜ . We say that a fixed point class FA of fA is contained in a fixed point
class F of f if iFPCA,X (f˜A)= f˜ where f˜A and f˜ are the lifts corresponding to the classes FA
and F, respectively.
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Let (X,A1,A2) be a triad consisting of a compact polyhedronX and two subpolyhedra
A1 and A2 such that X = A1 ∪ A2. Given a selfmap f : (X,A1,A2)→ (X,A1,A2), a
Nielsen type number for f is defined as follows [35]. Two fixed point classes F1 and F2
are inessentially joined if (i) there exists F0 such that F0 is contained in both F1 and F2,
and i(f0,F0)= 0, where Fj ∈ FPC(fi), i = 0,1,2 and f0 :A0→A0,A0 = A1 ∩A2; (ii)
if F′0 ∈ FPC(f0) is contained in both F1 and F2 then i(f0,F′0) = 0. The pair (F1,F2) is
called an inessentially joined pair of essential fixed point classes of f1 and f2 if (F1,F2)
is an inessentially joined pair and Fj is essential for j = 1,2. Then the Nielsen number of
the triad is defined as
N(f ;A1 ∪A2)=N(f1;A1,A0)+N(f2;A2,A0)−N(f0)− IJ(f1, f2),
where N(f1;A1,A0) and N(f2;A2,A0) denote the relative Nielsen numbers and
IJ(f1, f2) is the number of inessentially joined pairs of essential fixed point classes of
f1 and f2.
As we saw in Example 3.1,N(f,P;4)may vary depending on the admissible ordering.
When the subspaces can be by-passed, we obtain the following
Theorem 4.1. Let P = {X,A1,A2,A0} with A0 = A1 ∩ A2 and X = A1 ∪ A2. Suppose
that A0 can be by-passed in Ai for i = 1,2 and Aj can be by-passed in X for j = 1,2.
Then N(f,P;4) is independent of the choice of the admissible ordering.
Proof. There are two admissible orderings with the following filtrations:
(41) : X1 =A0, X2 =A0 ∪A1, X3 =A1 ∪A2 =X;
(42) : X1 =A0, X2 =A0 ∪A2, X3 =A1 ∪A2 =X.
Let f :P→ P be an order preserving map. Since A0 is a compact ANR, there exists a
neighborhood U of A0 in A1 and a homotopy H of f1 relative to A0 so that H(·,0)= f1
and H(x,1)= f1 ◦ r(x) where r :U→ A0 is a retraction. Thus, i(f0,F)= i(f1,F ∩A1)
for any fixed point class F of f0. Then, we extend the homotopy to all of X so that without
loss of generality, we may assume that for a fixed point class F of f ,
i(f,F∩Aj)= i(fj ,F∩Aj) for j = 0,1,2.
Now let F1, . . . ,Fm be the essential fixed point classes of f0, G1, . . . ,Gn be the essential
fixed point classes of f1 that do not contain any essential fixed point classes of f0 and
H1, . . . ,Hq be the essential fixed point classes of f2 that do not contain any essential fixed
point classes of f0.
It is clear that Fi ∩Gj = ∅ for all i = 1, . . . ,m; j = 1, . . . , n. Similarly, Fi ∩Hj = ∅
for all i = 1, . . . ,m; j = 1, . . . , q . Let F ∈ F(f ) be a fixed point class containing Gj .
Suppose that F also contains Hk for some k, 16 k 6 q . Then F cannot contain any other
Hi with i 6= k because the by-passing condition of A1 in X implies that Hi and Hk belong
to the same fixed point class of f2 in A2 and thus i and k must be the same. Similarly,
if F ∈ F(f ) contains Hj and Gi then F contains no other Gj with i 6= j . Let ` be the
number of pairs (Gi ,Hj ) so that Gi and Hj belong to the same fixed point class of f .
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Let F be an essential fixed point class of f that do not contain any essential fixed point
classes of f0 and of f1. Then F does not contain any of the Fi ’s or the Gj ’s. Then F must
contain some Hk and there are at most q such F ’s. On the other hand, if Hi is not one
of the ` classes of Hk’s each of which is Nielsen equivalent to some Gj in X, then Hi
is contained in an essential F ′ ∈ F(f ) with i(f,F ′) = i(f2,Hk). Thus there are exactly
(q − `) such F ’s. Similarly, there are exactly (n− `) essential fixed point classes of f that
do not contain any essential fixed point classes of f0 and of f2.
Therefore, we have for the first admissible ordering
N(f,P;41)=m+ n+ (q − `)
and for the second one
N(f,P;42)=m+ q + (n− `).
Hence, the two admissible orderings yield the same Nielsen type number. 2
Remark 4.2. In Example 3.1, N(f ;A1 ∪A2)= 1 whereas N∗(f,P)= 2. Since f must
have at least two fixed points, N∗(f,P) yields a better lower bound for MFP [f ] than
N(f ;A1 ∪ A2). Note that N(f,P;4) > N(f ;A1 ∪ A2). On the other hand, by-passing
conditions yield the following
Theorem 4.3. If A0 can be by-passed in Ai and Ai can be by-passed in X for i = 1,2,
then
N(f ;A1 ∪A2)>N(f,P).
Proof. Consider the admissible ordering which yields the filtration X1 = A0, X2 =
A0 ∪ A1, X3 = X. Let m,n and q be as in the proof of Theorem 4.1 and let ` be the
number of pairs of the form (Gi ,Hj ) where Gi and Hj belong to the same fixed point
class of f . Let k be the number of Hj that belong to the same fixed point class of f as
some Gi . Under the by-passing conditions, k = ` and N(f (3))−N(f (3);X63)= q − k.
Furthermore, N(f,P;4) is independent of the choice of the admissible ordering so that
N(f,P;4)=N(f,P). If (Gi ,Hj ) is one of the ` pairs, it need not be inessentially joined,
i.e., Gi and Hj may belong to the same fixed point class of f but do not contain any fixed
point class of f0. It follows that IJ(f1, f2)6 `. Hence,
N(f,P) = m+ n+ (q − k)
6 (m+ n)+ (m+ q)−m− IJ(f1, f2)
= N(f ;A1 ∪A2). 2
Next, we give conditions under which equality of the two Nielsen type numbers holds.
Theorem 4.4. Suppose for j = 1 or 2 that iFPCA0,Aj : FPC(f0)→ FPC(fj ) is surjective; that
A0 can be by-passed in Aj and that Aj can be by-passed in X. Then
N(f ;A1 ∪A2)=N(f,P).
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Proof. Since
iFPCA0,A1 : FPC(f0)→ FPC(f1)
is surjective, in the proof of Theorem 4.3, everyGi contains an inessential fixed point class
of f0. Hence, every one of the ` pairs {(Gi ,Hj )} is inessentially joined. The assertion
follows from the proof of Theorem 4.3. 2
Remark 4.5. The surjectivity assumption on iFPCA0,Aj can be slightly weakened by simply
assuming that for any essential fixed point classes F1,F2 of f1, f2, respectively, if
iFPCA1,X(F1) = iFPCA2,X(F2) then there exists an F0 ∈ FPC(f0) such that iFPCA0,Aj (F0) = Fj for
j = 1,2.
5. The number N∗R(f,P)
The objective of this section is to generalize Theorem 4.1 and to extend the definition of
N(f,P;4) (and hence N∗(f,P)) in order to handle the equivariant situation which will
be discussed in Section 6. Recall from Section 2 that 〈Ai〉 denotes the principal order ideal
of Ai ∈P and the rank `(〈Ai〉) is well-defined.
Theorem 5.1. Let P = {X,A0, . . . ,Ak} such that `(〈A0〉) = 0, `(〈Ai〉) = 1, A0 can be
by-passed in Ai and
⋃k
j=0,j 6=i Aj can be by-passed in X =
⋃k
j=0Aj for all i = 1, . . . , k.
Then N(f,P) is well-defined.
Proof. Since `(〈Ai〉) = 1 for i = 1, . . . , k, there are exactly k! distinct admissible
orderings on P . For each j , 16 j 6 k, let
Fj,1, . . . ,Fj,mj
be the essential fixed point class of fj :Aj → Aj that do not contain any essential fixed
point class of f0 :A0 → A0. For every Fj,r , we associate to it an unordered m-tuple
Cm(Fj,r ) consisting of m6 k fixed point classes of the form Fi,s so that
(1) Fj,r ∈ Cm(Fj,r );
(2) for i 6= p, Fi,s ,Fp,t ∈Cm(Fj,r ) if, and only if Fi,s and Fp,t belong to the same fixed
point class of f .
Using the same argument as in the proof of Theorem 4.1, under the by-passing
conditions, the Cm(Fj,r )’s are well-defined. Thus, Cm(Fj,r ) is the only such unordered
m-tuple, for 16m6 k, that contains the class Fj,r . In other words, if both Cm(Fj,r ) and
Cn(Fi,s ) contain Fj,r then m= n and Cm(Fj,r )= Cn(Fi,s ) as sets of m elements.
For any admissible ordering on P ,
N(f,P;4)=N(f0)+
k∑
i=1
mi −O,
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where O denotes the number of classes that are “overcounted”. Since each set Cm(Fj,r )
appears exactlym times (once for each member in the set), the classes that are overcounted
are precisely all but one of the m sets Cm(Fj,r ) each of which is of size m. Thus,
O =
k∑
j=1
(j − 1) · #(unordered j -tuples)
and
k∑
j=1
mj −O =
k∑
j=1
j · #(unordered j -tuples)−O
=
k∑
j=1
[
j · #(unordered j -tuples)− (j − 1) · #(unordered j -tuples)]
=
k∑
j=1
#(unordered j -tuples)=
k∑
j=1
mj∑
r=1
#
{
Cm(Fj,r )
}
.
Hence, the number N(f,P;4) remains constant, independent of the admissible order-
ing. 2
Note that the proof of Theorem 4.1 is the k = 2 case of the above proof.
In order to incorporate equivariant Nielsen fixed point theory into our unified Nielsen
theory, we need to generalize the Nielsen number as follows.
Let R be an equivalence relation on Fixf . Denote by ∼R be the smallest equivalence
relation on Fixf containing both ∼ and R. Assume that R has the following property:
if xi and yi, i = 1,2, are {ft }-related as fixed points then x1Rx2 ⇔ y1Ry2. It follows
that for any x, y ∈ Fixf , (1) x ∼ y ⇒ x ∼R y; and (2) if xi and yi, i = 1,2, are {ft }-
related as fixed points then x1 ∼R x2⇔ y1 ∼R y2. Thus, every ∼R equivalence class is
a (finite) disjoint union of ordinary fixed point classes of f . Moreover, if F is an ∼R
equivalence class, the fixed point index i(f,F) is well-defined, namely, it is the sum of
the indices of the ordinary fixed point classes within F. Then F is essential if i(f,F) 6= 0.
Note that the definition of ∼R essentiality may allow an inessential ∼R class to contain
essential (ordinary) fixed point classes. We define the Nielsen number of f with respect to
the equivalence relation ∼R to be the number of essential ∼R fixed point classes and is
denoted by NR(f ).
Theorem 5.2. The number NR(f ) satisfies the basic properties of the ordinary Nielsen
number.
Proof. Since every ∼R fixed point class is a disjoint union of ordinary fixed point classes
of f , it is clear that NR(f )6 N(f ). On the other hand, an ∼R fixed point class is also a
disjoint union of R equivalence classes so NR(f ) is a lower bound for the number of R
equivalence classes of fixed points of f and hence the lower bound property is satisfied.
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Let F be an essential ∼R fixed point class of f consisting of F1, . . . ,Fr ordinary fixed
point classes. Since the fixed point index is invariant under a homotopy {ft }, F1, . . . ,Fr
are {ft }-related to G1, . . . ,Gr , respectively. Note that if Gj is empty then i(f,Fj )= 0. In
fact, Fi is essential if and only if Gi is, for each i = 1, . . . , r . Now, condition (2) of ∼R
equivalence implies that G1, . . . ,Gr form an ∼R fixed point class G which is {ft }-related
to F. Since F is essential, then so is G. Thus, essential ∼R classes of f0 and of f1 are
in one-one index preserving correspondence. This shows the homotopy invariance. It is
straightforward to show that commutativity and homotopy type invariance also hold. 2
Analogously, we can define the weighted sets FR(f ) and FPCR(f ), where the former
consists of nonempty classes and the latter is defined in terms of lifts of f and may include
possibly empty classes. It is clear that NR(f ) = N(f ) when ∼R coincides with ∼ on
Fixf , i.e., when R is the trivial equivalence relation.
Extending the definition of N(f,P;4), we define for any admissible ordering on P the
Nielsen type number
NR(f,P;4)=
k∑
i=1
[
NR(f (i))−NR(f (i);X6i)
]
,
where
NR(f (i);X6i) = #
{
F ∈ FR(f (i)) | i(f (i),F) 6= 0 and F contains
an essential G ∈ FR(f (j)) for some j < i
}
.
Similarly, we extend the definition of N∗(f,P), by taking the maximum value over all
admissible orderings on P , to
N∗R(f,P) := max
{
NR(f,P;4) |4 is an admissible ordering on P
}
.
Remark 5.3. Suppose F ∈ FR(f (i)) is essential and F contains an essential G ∈
FR(f (j)) for some j < i . Since i(f (i),F) 6= 0 and i(f (j),G) 6= 0, under a homotopy
{ft }, the classes F and G must be related to essential classes F′ of f1(i) and G′ of
f1(j), respectively. Condition (2) of ∼R implies that G′ is contained in F′ and hence
NR(f (i);X6i ) is invariant under homotopy. Therefore, the number NR(f,P;4) (and
hence N∗R(f,P)) is invariant under homotopy. Furthermore, Theorems 3.3, 3.4 and 3.5
hold true forNR(f,P;4) using the same arguments as in their proofs. For the lower bound
property, we will see in Sections 7 and 8 that NR(f,P;4) will provide lower bounds for
the number of orbits of fixed points.
We generalize Theorem 5.1 to the following
Theorem 5.4. Let f :P → P be the same as in Theorem 5.1. Then NR(f,P;4) is
independent of the choice of the admissible ordering and, in that case, it is denoted by
NR(f,P).
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6. Fibre maps, equivariant maps and iterated maps
In this section, we study the settings of fibre preserving maps, equivariant maps and
iterates of maps. We compare the existing Nielsen type numbers in these settings with
NR(f,P;4) for appropriate posets P .
First, we deduce the Nielsen type number of a fibre preserving map NF (f,p) [16] from
the Nielsen number of a poset N(f,P;4) for a suitable P .
Fibre space techniques have been employed to express the Nielsen number of a fibre
preserving map as the product of the Nielsen numbers of maps on the base and the fibre.
Necessary and sufficient conditions were given in [43] for such a product formula to hold.
Furthermore, these techniques allow us to estimate the Nielsen number in case of non-
orientable fibrations [26,29,30]. On the other hand, this product serves as a lower bound
(and sometimes a sharp one) for the number of fixed points in the fibrewise homotopy
class of maps and a connection between this product and the relative Nielsen number was
established in [14]. For non-orientable fibrations, a similar Nielsen type number for fibre
preserving maps, that does not require orientability of the fibration, was introduced and
studied in [16]. This number is defined as follows.
Let p :E→ B be a Hurewicz fibration and f :E→ E be a fibre preserving map, i.e.,
there is map f¯ :B→ B such that p ◦ f = f¯ ◦ p. We assume that E and B are compact
connected ANRs and N(f¯ ) 6= 0. In addition, we assume that a typical fibre is also path
connected. A representative of the fixed point classes of f¯ is a subset ξ = {b1, . . . , bn} ⊆
Fixf such that n= N(f¯ ) and no two bi’s belong to the same fixed point class of f¯ . For
any representative ξ , we let Fξ =⋃bi∈ξ p−1(bi) ⊆ E. The Nielsen type number of f is
defined to be
NF (f,p)=
N(f¯ )∑
i=1
N(fi )=N(f |Fξ ),
where fi = f |p−1(bi) :p−1(bi)→ p−1(bi).
Theorem 6.1. Let P be the poset (E,Fξ ) as in Example 2.4. For any fibre preserving
map f of p, we have
NF (f,p)=N(f,P).
Proof. First, it is easy to see thatN(f,P) is well-defined. Note that P = {E,p−1(b1), . . . ,
p−1(bn)} where n=N(f¯ ). Since the fibres {p−1(bi)} are mutually disjoint, the subspace
Xi is a disjoint union ⊔j6i Aj , for each i = 1, . . . , n. It follows that N(f (i),X6i ) = 0
for i = 1, . . . , n and N(f )=N(f (n+ 1))=N(f (n+ 1),X6n+1). Thus,
N(f,P) =
n+1∑
i=1
[
N(f (i))−N(f (i);X6i)
]
=
n∑
i=1
N
(
f (i)
)= n∑
i=1
N(fi )=NF (f,p). 2
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Remark 6.2. Theorem 6.1 also follows from [16, 7.1] that NF (f,p)=N(f ;E,Fξ ), the
relative Nielsen number of f as a selfmap of the pair (E,Fξ ).
Techniques from relative Nielsen theory have proven to be useful in the Nielsen theory
for equivariant maps [37,38]. We compare the Nielsen type number NOG(f ) defined
in [38] for equivariant maps to the Nielsen type number N∗R(f,P) by considering the
appropriate posets P .
Let G be a compact Lie group acting effectively on a compact ANR X and let
Iso(X)= {(H) ∈ C(G) |H =Gx for some x ∈X}
be the set of isotropy types of X. Given a G-map f :X → X, we define for each
(H) ∈ Iso(X) an equivalence relation ∼R on Fixf (H) as follows. Two fixed points
x, y ∈ Fixf (H) 6= ∅ are ∼R equivalent if, and only if,
(1) y = σx for some σ ∈G, or
(2) there exists a path α : [0,1]→X(H), (H) ∈ F such that α(0)= x, α(1)= σ ′y for
some σ ′ ∈G and α ∼ h ◦ α (rel endpoints).
It is easy to see that x ∼ y⇒ x ∼R y . Moreover the equivalence relation R is defined by
xRy⇔ y = σx for some σ ∈G.
Thus, the R equivalence class of a point x is the G-orbitGx = {σx | σ ∈G} of x .
Denote by FR(f (H)) the set of non-empty∼R fixed point classes of f (H). These are the
non-empty (H)-fixed point classes in [38]. Using lifts, we can define analogously the ∼R
fixed point classes, denoted by FPCR(f (H)) (or FPC(H)(f ) in [38]). We should point out
that X(H) is not necessarily connected while XH is usually assumed to be connected. (If
G is Abelian then X(H) = XH .) Thus, an element in FPCR(f (H)) consists of conjugacy
classes of lifts of f H ′ where (H ′)= (H).
Suppose (H), (K) ∈ Iso(X) and (H) 6 (K). Then for any representative H ′ in (H),
there is a representative K ′ in (K) such that H ′ is a subgroup of K ′. Thus, XK ′ ⊂ XH ′ .
Any lift f˜ K ′ of f K ′ determines a unique lift f˜ H ′ of f H ′ as in Section 4. Hence, there is a
(contravariant) function τ(H)6(,)K : FPCR(f (K))→ FPCR(f (H)).
For each (H) ∈ Iso(X),
NOG(f H ) = min
{
#C | C ⊂
⋃
(H)6(K)
FPCR(f (K)),∀ essential N ′ ∈ FR(f (L)),
∃N ∈ C ∩ FPCR(f (K)) such that τ(L)6(,)K(N)=N ′
}
.
When H = (1), we have
NOG(f ) = min
{
#C | C ⊂
⋃
(K)
FPCR(f (K)),∀ essential N ′ ∈ FR(f (L)),
∃N ∈ C ∩ FPCR(f (K)) such that τ(L)6(,)K(N)=N ′
}
.
We should point out that H = (1) may not be an isotropy type of X; however, the
above definition of NOG(f ) still makes sense. In [38], NOG(f H ) is only defined for those
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isotropy types (H) with finite Weyl group WH because under the standard hypotheses
in [38], fixed points in XH can be removed by an equivariant homotopy when WH is not
finite.
A minimality theorem was proven in [38, 3.2] for NOG(f H ) under certain codimension
hypotheses.
Theorem 6.3. Let P be the poset {X(H)} as in Example 2.6. Then
N∗R(f,P)6 NOG(f ).
Proof. Let C ⊂ ⋃(K)FPCR(f (K)) be such that #C = NOG(f ). Choose an admissible
ordering on P which gives an admissible ordering (H1), . . . , (Hk). Let Ni be the set of
essential ∼R fixed point classes of f (i) that do not contain any essential ∼R fixed point
classes of f (j) for any j < i . Thus,
#Ni =
[
NR(f (i))−NR(f (i);X6i )
]
and NR(f,P)=
k∑
i=1
#Ni .
Suppose F ∈Ni for some i . Without loss of generality, we may assume, as in the proof
of Theorem 4.1, that i(f,F ∩ X(Hj )) = i(f (Hj ),F ∩ X(Hj )) for all j . Since F does not
contain any essential fixed point class in Xj = ⋃r6j X(Hr ) for j < i , it follows that
i(f,F ∩ X(Hi)) 6= 0. Thus, F must contain an essential fixed point class F of f (Hi).
There exists an N ∈ C ∩ FPCR(f (Hr)) such that τ(Hi)6(,)Hr (N) = F . Suppose G ∈ N`
such that G contains an essential ∼R fixed point class G of f (H`) with the property that
τ(H`)6(,)Hr (N)=G.
Case (I). If ` < i , i.e., X` ⊂Xi , then F and G belong to the same∼R fixed point class of
f (i). By definition of [NR(f (i))−NR(f (i);X6i)], F cannot be inNi so such aG cannot
exist. The case where i < ` is similar.
Case (II). If i = `, then F = G. Thus, there is an injective function from ⊔iNi to C .
Hence, the assertion follows since the sets {Ni} and {C} are finite. 2
Remark 6.4. While the Nielsen type number NOG(f ) can be realized under certain
codimension hypotheses as in [38], it is difficult to compute from its definition. Theo-
rem 6.3 gives an estimate (in fact, one for each possible admissible ordering) for NOG(f ).
We now turn to periodic points or, equivalently, fixed points of iterates of a map. Let
f :X→X be a selfmap of a compact connected ANR (metric) and n be a positive integer.
Denote by Yn =X×· · ·×X the n-fold product of X. The finite cyclic group of n elements
Zn acts on Yn via
ζ · (x1, . . . , xn)= (xn, x1, . . . , xn−1),
where ζ is the generator of Zn.
For every y ∈ Yn, the isotropy subgroup of y is denoted by
stab(y)= {σ ∈ Zn | σy = y}.
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Let Yn(1) = {y ∈ Yn | stab(y)= 1} be the set of points in Yn upon which the Zn-action is
free. It is known from equivariant topology [2] that Yn(1) is an open subspace of Yn. Define
a Zn-equivariant map gf :Yn→ Yn by
gf (x1, . . . , xn)=
(
f (xn), f (x1), . . . , f (xn−1)
)
.
It is easy to see that
Fixgf =
{
(x, f (x), . . . , f n−1(x)) | x ∈ Fixf n}.
In fact, if (x, f (x), . . . , f n−1(x)) ∈ Fixgf |Yn(1) then f i(x) 6= f j (x) unless i ≡ j mod n.
Therefore, the fixed points of gf on Yn(1) correspond to the periodic points of f with least
period n.
It was shown in Theorem 2.1 of [40] that
(1) N(f n)=N(gf );
(2) there is a bijection between FPC(f n) and FPC(gf ).
For further connections between fixed points of gf and periodic points of f , see [37,38,
40].
The set L= {Yn/m|m|n} as in Example 2.7 is a lattice under inclusion and gf :L→ L
is an order preserving map. We are in the equivariant setting, as in the last section, with
G = Zn. Thus, the Nielsen type number NOZn(gf ) is a lower bound for the number of
n-periodic orbits {x,h(x), . . . , hn−1(x)} where x ∈ Fixhn (not necessarily of least period
n) for any h homotopic to f . This follows from the fact that NOZn (gf ) is a Zn-homotopy
invariant and
h∼ f ⇒ gf ∼Zn gh.
As a consequence of Theorem 6.3, we obtain
Theorem 6.5. Let X be a compact ANR and L be the poset of Example 2.7. Then for any
map f :X→X and for any positive integer n,
N∗R(gf ,L)6min
{
#O |O is an n-periodic orbit of h, where h∼ f }.
Proof. Theorem 6.3 implies that
N∗R(gf ,L) 6 NOZn (gf )
6 min
{
#O |O is an n-periodic orbit of h, where h∼ f }. 2
7. Converse Lefschetz theorem
The Minimum Theorem 2.1 states that for selfmaps on many spaces, the classical
Nielsen number is a sharp lower bound for the number of fixed points in the homotopy
class of a map, i.e., N(f )=MF[f ] := {# Fixg | g ∼ f }. Thus, in the case when L(f )=
0⇒N(f )= 0, the map f is homotopic to a fixed point free map and thus the converse of
the Lefschetz–Hopf fixed point theorem holds. In this section, we present the Lefschetz–
Hopf fixed point theorem in the NP(k) category and we will give conditions on P such
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that N∗(f,P)= 0 is sufficient to deform f to be fixed point free. Its converse will also be
given.
Recall that a space X is Wecken if for any selfmap f :X→X, N(f )=MF[f ].
Theorem 7.1. Let {X = Ak,A1, . . . ,Ak−1} = P ∈ NP(k) be a poset of compact
polyhedra. Suppose that X is connected and that Ai is connected and Wecken for each
1 6 i 6 k. Suppose also that for any Aj < Ai , Aj can be by-passed in Ai and that
Ai −Aj has no local separating points and is not a surface. Let f :P→ P be a selfmap.
If N∗(f,P)= 0, then there is a selfmap g :P→ P such that g ∼P f and Fixg = ∅.
Proof. Choose an admissible ordering on P with a filtration X1 ⊂ · · · ⊂ Xk = X. Since
N∗(f,P)= 0, it follows that N(f (i))−N(f (i);X6i )= 0 for all i, 16 i 6 k. If k = 2,
the assertion is simply Theorem 6.2 of [32]. Using argument similar to that of [32, 6.2]
or [12,37], we may assume that f is fixed point free on Xj−1 for some j < k. Since
N(f (j))−N(f (j);X6j )= 0 and f (j − 1) is fixed point free, N(f (j))= 0. Any fixed
point class of f (j) that lies in Aj −Xj−1 is inessential and can be removed by a homotopy
of f (j) relative to Xj−1. Extending the homotopy to all ofX yields a map f ′ ∼P f which
is fixed point free onXj . Hence the inductive step is proven and the proof is complete. 2
Corollary 7.2. Let f :P → P be as in Theorem 7.1. If N(f ) = 0 = N(fi) for all
i = 1, . . . , k − 1, where fi :Ai→Ai , then there is a selfmap g :P→ P such that g ∼P f
and Fixg = ∅. Equivalently,
MF[fi] = 0, ∀i = 1, . . . , k⇒MFP [f ] = 0.
Proof. It suffices to show that N(f ) = 0 = N(fi ) for all i = 1, . . . , k − 1 implies
N∗(f,P)= 0. This follows from the fact that, given any admissible ordering, an essential
fixed point class of f (j) :Xj → Xj must contain an essential fixed point class of fr for
some r 6 j . 2
The classical Lefschetz–Hopf fixed point theorem [3, C.2] states that if the Lefschetz
number of a selfmap on a compact connected ANR is nonzero, then any selfmap homotopic
to it must have a fixed point. In the category NP(k), the classical result extends
immediately to the following
Theorem 7.3. Let P = {X,A1, . . . ,Ak−1} be a poset of compact connected ANRs and
f :P → P a selfmap. If L(fi) 6= 0 for some i , then for any selfmap g :P → P with
g ∼P f , Fixg 6= ∅.
Remark 7.4. Theorem 7.3 holds for general posets so that P does not necessarily belong
to NP(k).
As an immediate consequence of Corollary 7.2, we obtain the following converse
of Theorem 7.3 if we impose conditions on the spaces such that the vanishing of the
Lefschetz number implies the vanishing of the Nielsen number. We call a space X
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Lefschetz-like if for any selfmap f :X→X, L(f )= 0⇒N(f )= 0. Lefschetz-like spaces
include the classical Jiang spaces (see [24,22,3]), nilmanifolds [1], a certain class of
solvmanifolds [26], orbit spaces of odd spheres by free action of finite groups [11, 6.38]
and orientable homogeneous spaces G/K of compact connected Lie groups G such that
Hn(G)→Hn(G/K) is nonzero where n= dimG/K [42].
Corollary 7.5. Let f :P→ P be as in Theorem 7.1. In addition, we suppose that X and
each Ai are Lefschetz-like spaces. If L(fi)= 0 for all i , then there is a selfmap g :P→ P
such that g ∼P f and Fixg = ∅.
Remark 7.6. The connectedness of the Ai’s in Theorem 7.1 can be relaxed but all
other conditions must be imposed on the connected components of the Ai ’s. With this
modification, it is easy to see that Corollary 7.2 reduces to the Main Theorem of [12] with
P = {X(H)}. Since the hypotheses of Theorem 7.1 are satisfied by the standard hypotheses
as in [12], it remains to show that N(f H ) = 0⇒ N(f (H)) = 0. This follows from the
fact that N(f H ) = 0⇒ N(f H ′) = 0 for any H ′ in the same conjugacy class as H and
N(f (H)) is just the sum of the N(f H ′) for H ′ ∈ (H).
Remark 7.7. When P is the poset of Example 2.2, i.e., in the relative setting, the
hypotheses of Theorem 7.1 coincide with those in the minimality theorem of Schirmer in
Theorem 6.2 of [32]. Thus, Corollary 7.2 states that under these conditions, the vanishing
of the relative Nielsen number N(f ;X,A) is equivalent to the vanishing of N(f ) and
of N(fA). Similarly in the fibre-preserving situation of Example 2.4, the by-passing
hypotheses of Theorem 7.1 will automatically be satisfied if the total space E, base space
B and the fibres are compact manifolds with dimB > 2. In this case, Corollary 7.2 reduces
to the NF (f,p)= 0 case of the minimality result (Theorem 8.2) of [16].
8. Concluding remarks
In this paper, we have developed, using the combinatorial structure of a poset of spaces,
a Nielsen type theory and a Nielsen type number N(f,P;4) (and NR(f,P;4)) for any
given admissible ordering. We showed, for appropriate posets P , the number N(f,P;4)
(and NR(f,P;4)) is related and sometimes equal to some known Nielsen type invariants.
In the case that N(f,P;4) is independent of the choice of the admissible ordering,
N(f,P;4) can then be computed in many different ways according to a particular
admissible ordering yielding the same value. For example, in the situation in Theorem 4.4,
the Nielsen type number N(f ;A1 ∪ A2) for the triad can be calculated in two different
ways. Thus, this approach gives an alternative method of computing and of estimating
some of the existing Nielsen type numbers.
Möbius inversion has been employed in relating fixed point type invariants for
equivariant maps in [13,28,38]; for iterates of maps in [13,15,17,40]. To make use of
Möbius inversion in the context of partially ordered sets, one needs to make some
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modifications as follows. Let f :P→ P be a selfmap of a poset P = {X,A1, . . . ,Ak−1}.
Define for each i ,
nR(f,Ai;4) = #
{
essential ∼R fixed point classes of fi that do not contain
any ∼R fixed point class in FPCR(fj ), ∀Aj 6Ai
}
.
Note that when ∼R=∼ and k = 2, nR(f,Ai;4) is the Nielsen number on the
complement introduced by Zhao in [44]. Then we let
nR(f6j )=
∑
Ai6Aj
nR(f,Ai;4)
which yields, by Möbius inversion,
nR(f,Ai;4)=
∑
Aj6Ai
µP (Aj ,Ai)nR(f6j ).
One can show that, in the periodic point situation of Section 6, the number nR(f,Ai;4)
coincides with 1
m
NPm(f ) (see [22,15,38,40] for definition) where m = n/d and Ai =
Y
Zd
n = Yn/d .
Applications of Möbius inversion to congruence relations involving Nielsen type
invariants such as nR(f6j ) and nR(f,Ai;4) will be the objective of a future work.
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